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THE NON-LINEAR PERTURBATION ANALYSIS OF
DISCRETE STRUCTURAL SYSTEMS
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Abstract-A general form of perturbation analysis for discrete non-linear structural systems is presented. This
generates a system of linear equations which can be solved sequentially for the path derivatives in the unloaded
state. Each set oflinear equations has the same basic non-singular matrix, and the method is thus ideally suitable
for use with a digital computer.

The general theory is illustrated firstly by an harmonic and secondly by a finite element analysis of a beam
suffering large bending deflections, an exact beam formulation being employed and a continuum perturbation
analysis being presented for comparison. The first seven path derivatives are evaluated and are observed to
converge rapidly in each case to the continuum values which are then used to construct the load-deflection
characteristic of the beam; the choice of independent variable in this final construction is seen to be highly
significant.

Good agreement is achieved with the known non-linear solution, and it is concluded that the perturbation
analysis will be a useful tool in problems of moderate non-linearity.

1. INTRODUCTION

THE discrete representation of continuous structural systems, using for example the
finite-element Rayleigh-Ritz procedure, is an established tool in the analysis of practical
solids and structures. Much work has been done in the small-deflection linear field, and
recent interest has focused on large-deflection non-linear problems with their associated
stability questions.

Aside from this analytical activity, discrete structural systems have been studied in
their own right, and a general non-linear theory has been developed by Thompson [1,2]
and Sewell [3,4], this theory being primarily aimed at the study of path and stability
phenomena. In the development of these general studies the intrinsic determination of
equilibrium path derivatives has been systematically employed, and it is the purpose
of the present paper to illustrate the analytical advantages of this procedure. The resulting
method of analysis corresponds to the perturbation techniques of continuum mechanics,
although the intrinsic formulation contains no suggestion of a perturbation. The non
linear algebraic equations of equilibrium are reduced to a series of linear equations which
can be solved sequentially for the path derivatives. Each set of linear equations has the
same basic non-singular matrix, making the procedure ideal for use with a digital computer.

A general theory is here presented, and this is subsequently illustrated firstly by an
harmonic and secondly by a finite-element analysis of a simply-supported beam suffering
large bending deflections under a lateral point load at its centre. An exact beam formulation
is employed, and a continuum perturbation analysis is presented for comparison. The first
seven path derivatives are evaluated and are observed to converge rapidly in each case to
the continuum values which are then used to construct the load--deflection curve of the
beam. The curve obtained depends on the independent variable employed in this final
construction, and two curves are drawn using the load and its corresponding deflection
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respectively. Both curves are shown to be in good agreement with the known non-linear
solution for central deflections up to about one-fifth of the length of the beam.

It is concluded that the perturbation analysis will be a useful tool in problems of
moderate non-linearity.

2. GENERAL THEORY

Consider a discrete conservative structural system described by the well-behaved
total potential energy function V(Qi' A), where Qi represents a set of n generalized co
ordinates and A is a loading parameter [1].

The n equilibrium equations of the system are

(1)

where a subscript on V denotes partial differentiation with respect to the corresponding
generalized coordinate. These equations define a series of equilibrium paths in the (n + 1)
dimensional (A - Qi)-space, and we shall here focus attention on the path emerging from
the unloaded state Qi = A = 0, writing this path in the parametric form

A A(s). (2)

Here s might represent any suitable parameter defining progress along the path, but we
shall in fact assume that s is to be equated to one of the basic variables, Qi or A, the
formulation naturally taking a particularly simple and symmetric form if s is equated to
the loading parameter A.

The equilibrium equations must be satisfied at every point on the equilibrium path,
so we can substitute (2) into (1) to give the n equilibrium equations

VI[Qis), A(s)J O.

The left-hand side of each equation is now an implicit function of s, so we can differentiate
each equation with respect to s as many times as we please. Differentiating once we have

VljQj+ v;A ° (E 1 )

where a dot denotes differentiation with respect to s, a prime denotes differentiation
with respect to A, and the dummy-suffix summation convention is employed with all
summations ranging from one to n. Differentiating a second time we have

etc., giving us the equations E1 , E2 , E3 , E4 , ••••

These equations can be evaluated at the unloaded state Qi = A = 0, and we shall
refer to the evaluated equation Eml o as the mth-order equilibrium equation. In this
equation all path derivatives are evaluated at the unloaded state.

We now allow one of the basic variables, Qi or A, to be independent by equating it to s,
and we correspondingly replace its first derivative with respect to s by unity, and its higher
derivatives with respect to s by zero. The ordered equations Eml o can then be solved
sequentially as a system of linear equations.

Thus E 110 represents a set of linear equations in the remaining first derivatives, and
can readily be solved. These first derivatives can be substituted into the second-order
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equilibrium equation E210 which now represents a set oflinear equations in the remaining
second derivatives which are thus readily obtained. The known first and second derivatives
can be substituted into the third-order equilibrium equation E 310 which now represents
a set of linear equations in the remaining third derivatives, which are likewise readily
obtained. Clearly all the path derivatives can be obtained sequentially in this manner,
and we see that each set of linear equations has the same basic matrix which will normally
be non-singular.

As observed before, the equations take a particularly symmetric form if we equate s
to the loading parameter A, and in this case we see that the determinant of each equation
Eml o is simply IV;J{O,O)I. The quadratic coordinate form corresponding to V;iO,O) is
assumed to be positive definite, and it follows that there will be a unique solution for all
the path derivatives Qilo, 0;10' ,tlo," .. There will then be a unique equilibrium path
emerging from the unloaded state.

Having evaluated the path derivatives, we can finally construct the parametric equations
of the equilibrium path in the series form

Q;(s) = Qi(O)S + !Q;(0)S2 + iQ;(0)S3 + ... }
• 1 •• 2 1'" 3 (3)

A(s) = A(0)S+2A(0)S +-gA(O)s + ...

A change in the independent variable is now readily effected, so the independent variable
employed in the analysis itself has no lasting significance. The variable can be chosen for
purely analytical convenience, and the final results can be readily re-cast in terms of any
other suitable variable. The analysis itself has thus some desirable flexibility, but in the
subsequent re-casting the choice of independent variable becomes important.

Consider for example the series expansion

y(x) = Yx(0)x+hxx(0)x2+iYxxAO)x3+, ..

which is readily inverted to give

x(y) = xy(O)y + !xyy(0)y2 + ixyyiO)y3 + ... ,

the first m derivatives of x with respect to Y depending on the first m derivatives of Y with
respect to x (see for example [5J, p. 11). If we wish to plot a graph of Y against x the first
m terms of the y(x) expansion will naturally not yield the same curve as the first m terms
of the x(y) expansion. Both curves will normally differ from the true curve represented
by y(x) or x(y) although they will both have correct values for the first m derivatives at
the origin. The two power series may moreover have quite different ranges of conver
gence.

It follows that the choice of the independent variable acquires a real significance when
an approximate solution is finally constructed from the path derivatives.

Special form
We shall now consider an important specialization of the preceding general theory

which can be made when the original total potential energy function V(Q;, A) is linear
in the loading parameter A.

When this linearity holds we shall, for purely semantic reasons, replace A by P and
then write

(4)
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Here the function U(Qi) can be regarded as a generalized strain energy, while P can be
regarded as the magnitude ofa generalizedforce acting through the generalized displacement
C(QJ

The n equilibrium equations are now

(5)

and proceeding as before the ordered equilibrium equations can be written in the evaluated
form

UijQjlo = 1'$;10' (E 110)

Uijk QkQj+ UijQjlo p$;+ 2P$;jQ)0, (E2 10)

etc., where E110 is seen to be the well-known equation of small-deflection linear analysis.
These special equations can of course be obtained directly from the preceding general

equations if we observe that

V;j(O,O) == Uij(O) }

Vi(O, 0) == - $;(0), etc.

Path derivatives of C can finally be obtained, if required, from the equations

j = $;Qi }

C = $;jQiQj+$;Qi, etc.

3. BEAM FORMULATION

(6)

(7)

The perturbation analysis will be illustrated by studies of a simply-supported beam
suffering large bending deflections under a central point load, and we begin by writing
down an exact large-deflection formulation for the beam.

Consider the beam of Fig. 1, of length L, simply-supported as shown, and loaded by
the lateral force P which retains its magnitude and direction as the beam deflects. The

FIG. I. Laterally loaded beam.

beam is assumed to be axially inextensional, and the relevant bending stiffness is denoted
by B.



The non-linear perturbation analysis of discrete structural systems 761

Point A of the beam originally distance X from the left-hand support is displaced to A',
and this displacement is resolved into an unspecified horizontal component and a vertical
component Was shown. The centre-line being inextensional, the arc-length SA' is equal
to X, and the deflected form of the beam is totally specified by the function W(X) where
X ranges from 0 to L.

The curvature of an element is given by

d
X = dX sin -1 Wx = Wxx(l- Wi)-t (8)

where subscripts on W denote differentiation with respect to X, so we have the strain
energy functional

U = !B {L X2 dX 1
= !B {L wix(1- Wi)-l dX J

while the corresponding deflection of the load P is given by

iff = W(L/2).

The total potential energy of the system is thus given by

V= U-Piff.

Non-dimensionalizing now with respect to an unspecified length D, we write

(9)

(10)

(11)

w = WID,

v = DV/B,

to obtain the new energy expression

£ = iff/D,

u = DU/B,

x = X/D, }

P = PD2/B,
(12)

(13)
v = u-p£ }

=! f: ID

w2(1-W2
)-1 dX-pw(2~)'

where a dot on w denotes differentiation with respect to x. It will be convenient to assign
different values to DIL in the various subsequent analyses, and it is felt that this will give
rise to no confusion, although naturally some care must be exercised in correlating the
results of the various sections.

The EULER equation of the beam is given by

d of d2 of
- dx ow +dx2 ow = 0

where F(w, w) is the integrand of (13), and this can be written in the form

'wl1 +W2 +W4 + ...J
+4www[1+2w2 +3w4 + J

+w3 [1 +6w2 + 15w4 + J= o.

(14)

(15)
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For this beam we now seek to relate the load parameter P to the deflection parameter £

by means of the power series

p{£) = C l £+C2£2+ C3 £3+ .

£(p) = dlP+d2p2+d3p3+ .

4. CONTINUUM ANALYSIS

(16)

(17)

Before presenting the Rayleigh-Ritz perturbation analyses, it seems appropriate to
present here for comparison a continuum perturbation analysis of the beam.

In this non-linear continuum analysis it will be convenient to utilize the symmetry
of the problem by considering only the left-hand side of the beam and setting D = L/2
so that x ranges from 0 to lover this half. We shall moreover replace the dead load P by
the rigid imposition of a displacement 15, so that the continuum problem is specified by the
EULER equation {I 5) with 0 < x < 1 and the boundary conditions

W{O) = w(O) w(1) = 0, w(l) = £. (18)

Choosing £ as our perturbation parameter, we now start the perturbation analysis
by writing

so that (19)

(20)

etc.

Substituting these series forms into the EULER equation (15) and writing this equation
as a power series in £, we see that we can equate the coefficients to zero to generate an
ordered series of equilibrium equations, the boundary conditions of which can be written
as

Wj(O) = w;(O) = wj(l) = 0 for all i,

Wl(1) = 1, w.(l) = 0 for s ¥- 1.

These equilibrium equations are sequentially linear and are readily solved for the wj(x),

the first five of these functions being determined in the present work.
Thus equating the coefficient of £ to zero gives us the first-order equilibrium equation

'w'l = 0 (21)

which is the well-known small-deflection equation and yields with the boundary con
ditions (20) the solution

W1(X) = -h3 +}x. (22)

Equating the coefficient of £2 to zero gives us the second-order equilibrium equation
'«;2 = 0 which with the boundary conditions (20) gives us the expected result w2{x) = O.
The third-order equation is

(23)
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W 3(x) = -rio{27x 7 -126x5 + 171x3 -72x}, (24)

the fourth-order equation yields the expected result W4(X) = 0 while the fifth-order problem
yields

Ws(x} = T!zo{ -O'573x l1 +8'00x9 -26'3x 7 +20'4x5 +8'96x3 -10·5x}. (25)

The force necessary to impose the central deflection is given from virtual work con
siderations by

(26)

and writing

p(£} = C1£+C2£2+ C3£3+ ... (27)

we can substitute for w(x} and equate coefficients to obtain the Ci . These, like the Wi(X},

are zero for i even, and for i odd we have

C1 =2J:(W 1}2 dX =6 }
1 (28)

C3 = 4{ [2W3Wl +(W2}2+(WIWI}2] dx = W

etc., these coefficients being tabulated in Table 1 together with the readily derived inverse
coefficients di •

TABLE 1. PERTURBATION COEFFICIENTS FROM THE CONTINUUM ANALYSIS

(D = L(2)

6

1(6

6·17

-4,76 x 10- 3

7-18

2·54 X 10-4

8·59

-1-66 X 10-5

We see that the immediate expression for Cr will normally involve all Wi up to i = r,
but sinceg WI W, dx vanishes identically for s -# 1 by virtue of the boundary conditions (20),
the dependency on Wr is illusory. In the present work we have thus evaluated the first
seven Ci on the basis of the first five w;(x}.

5. HARMONIC ANALYSIS

We shall now illustrate the general perturbation theory of Section 2 by an harmonic
analysis of the beam, considering the whole beam and setting D = L so that x ranges from
oto 1.
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Employing the symmetry of the beam we thus write
i=n

w = L Qi sin lrrx
i: 1,2

(29)

(31)

(30)

(32)

where 1 == 2i -1, and substituting this form for w(x) into the energy functional (13) gives
us an algebraic energy function of the form

V(Qi, p) = U(Qi)- pE(Qi) }

= HUiiO)QiQj +AUijk1(0)QjQjQkQl+ ...}
-pEj(O)Qj

the coefficients being given by

(0) . lrr (_l)i+ 1Ej = sm 2

Uij(O) = rr 4J2j2Ll

sin Irrx sin Jrrx dx }

= 0 for i =1= j

= trr4 I4 for i = j

Uijkl(O)QiQjQkQl = 12rr6 LL I I 12J 2KLQjQjQkQIf sin Irrx sin Jrrxcos Krrx cos Lrrxdx

(33)
etc.

We now have an energy function with the form of the special function (4) of the general
theory, so the general analysis of Section 2 can be employed directly, and taking p as the
independent variable we note that the diagonalization of uiiO) allows the direct solution
of each equilibrium equation Eml o. Thus E1lo gives for all i,

(34)

so that

(35)

and
2 i:n

i:=d l =4 L r 4

rr j: 1

= ~; {1+ 314 + ;4+ ...}

1
= 48 (see [6], p. 64).

The second equation E210 gives Qi = € = 0, and the third equation yields

'if = 6d3

192 n n n n (-l)i+J+k+IJI
= -----ro LILL 2 2 3 3 sin lrrx sin Jrrx cos Krrx cos Lrrx dx.

rr 11111JKL 0

(36)

(37)
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Higher derivatives are readily written down, and the first seven have been evaluated
on a computer, the corresponding series converging rapidly to the continuum solutions
with increasing n.

6. FINITE ELEMENT ANALYSIS

As a second illustration of the general perturbation theory of Section 2 we shall now
outline a finite-element analysis of the same beam using a kinematically-admissible dis
placement field. When used with such a field, the finite-element method can be viewed
advantageously as a straight-forward application of the Rayleigh-Ritz energy procedure
with localized rather than with overall Rayleigh functions. The analysis will thus follow
closely the Rayleigh-Ritz analysis of Section 5 with localized functions replacing the overall
harmonic functions.

Considering then the displacement function w(x) for the whole beam, we introduce
stations along the x-axis as shown in Fig. 2, one station being at the loaded mid-point.

W(X)

/
FIG. 2. Finite-element representation of w(x).

Each internal station is given an arbitrary displacement wand an arbitrary first derivative
lV, while corresponding to the boundary conditions of the problem the terminal stations
are given an arbitrary first derivative but no displacement. The totality of the arbitrary
displacements and derivatives represent the generalized coordinates of the beam and are
denoted by Qi' A third-order polynomial is now fitted in each region, giving an overall
deflected form which is continuous in displacement and first derivative, but which admits
discontinuities in its second derivative at the stations.

The Rayleigh-Ritz aspect of this fitting procedure is revealed if we now observe that
the overall displacement function has the form

w(x) = L Qi/;(X)

where the /;(x) are localized functions associated with the stations [7, 8].
Substituting this expression for w(x) into the energy functional (13) gives us an algebraic

energy function with the form of that of the harmonic analysis (30), so the special form of
the general theory can again be directly employed. Now, however, the quadratic form
associated with uij(O) is not diagonal, so the series of linear problems must be solved
numerically on a computer. The first seven have been solved in the present study, the dis
placement of the central station being used as the independent variable. The first two path
derivatives were found to agree with the continuum values for a single internal station,
while the higher path derivatives were observed to converge rapidly to the continuum
values with increasing number of stations.

More details of this finite-element study are to be presented in a further paper [9].
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7. PERTURBATION SOLUTIONS

The two Rayleigh-Ritz analyses, namely the harmonic analysis and the finite·element
analysis, yield perturbation coefficients Ci and di which converge rapidly to those of the
continuum analysis, so we shall here focus attention on the latter which are recorded in
Table 1. These coefficients correspond to the expansions of p(€) and €(p) in equations (16)
and (17) and the numerical values of the table are associated with a choice of D = L/2.

Taking firstly € as our independent variable and truncating the (p)€ expansion after one,
three, five and seven terms yields the curves I, III, V and VII of Fig. 3 in which B represents
the known non·linear beam solution [1OJ. The perturbation solutions are seen to approach

6

5

3

2

PL'
p-

4B

·2 ·3 ·5

€ .1..f
L

FIG. 3. Perturbation solutions with € as the independent variable.

this exact solution monotonically, the seventh-order solution yielding close agreement
with B for central deflections up to one quarter of the length of the beam.

Taking secondly p as our independent variable and truncating the £(p) expansion after
one, three, five and seven terms yields the curves I, III, V and VII of Fig. 4, in which B

PL'p-
4B6

5

3

2

I

B /

:)~:
A

...,

" " € • .u., " L,

·1 ·2 ·3 ·4 ·5 -6

FIG. 4. Perturbation solutions with p as the independent variable.
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again represents the known non-linear solution. The perturbation solutions are now seen
to band this exact solution in an oscillatory fashion with an apparent divergence at large
deflections.

Remembering that these two figures represent the results of the same perturbation
analysis, the contrast is suprising indeed, and emphasizes the key role of the final expan
sion.

8. CONCLUSIONS

The perturbation analysis of the equilibrium path of a discrete non-linear structural
system generates a system of linear equations which can be solved sequentially for the
path derivatives in the unloaded state. Each set oflinear equations has the same basic non
singular matrix, and the method is thus ideally suited for use with a digital computer.

It is felt that the method will be particularly useful for supplying a first estimate of the
degree of nonlinearity of a problem, and that it will supply a satisfactory solution to prob
lems exhibiting a moderate degree of nonlinearity. In highly non-linear problems con
vergence difficulties may arise and a direct solution of the non-linear algebraic equations
(using for example the Newton-Raphson procedure) seems more appropriate.

In the perturbation analysis itself the independent variable should be chosen for purely
analytical convenience, the results of the analysis being readily re-cast in terms ofany other
suitable variable. The final choice of independent variable is seen to be important, but it
seems unlikely that any general rules can be devised to guide this choice.

An extension of the perturbation approach to the estimation of elastic critical loads
has recently been outlined [11] following an idea of Masur and Schreyer [12], while the
use of a perturbation analysis in problems of initial post-buckling is an obvious extension
of the work of Sewell and Thompson.
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A6cTpaKT-npe)l,CTaBJIlleTCli 06wall c!>opMa aHllJ1H3a B03MyweHHit lVIli )l,HCKpeTHbIX HeJIHHeitHblx CHCTeM.

3TO 0606waeT cHcTeMy JIHHeitHblx ypaBHeHHll:, KOTopble MOlKHO pewaTb nOCJIen.OBaTeJIbHO )l,JIli TpaeKTOpHll:

npOH3BO,lI.HbIX B HeHarpylKeHHoM COCTOllHHH. KalKn.all CHCTeMa JIHHell:Hblx ypaBHeHHit HMeeT OCHOBHylO,

He:HHryJIlipHylO MeTpHUY. MeTO)l, paC'IeTa O'leHb npHrO)l,eH )l,JIli HCnOJIb30BaHHlI Ha BbI'IHCJIHTeJIbHbIX

MawHHax. 06wall TeopHli HJIJIlOCTpHpyeTclI, BO nepBblX, rapMOHH'IecKHM aHllJ1H30M H, BO BTOpbIX,

aHllJ1H30M KOHe'lHOrO :meMeHTa 6aJIKH HCnbITblBaeMoll: 60JIbWHM H3rH6aM.

,.[{JIli cpaBHeHHlI npe)l,CTaBJIlieTCli TO'lHoe peweHHe 6aJIKM H MeTO)l, HenpepHBHblX B03MyweHldL Onpe

)l,eJIliIOTCli HepBble ceMb TpaeKTopHH. Ha6JIIO)I,aeTCli 6bICTPYlO CXO)l,HMOCTb B KalK)I,OM CJIyqae, no

cpaBHeHHIO co 3Ha'leHHlIMH H3 HerrpepbIBHoro aHaJIH3a, KOTopble HCnOJIb3YlOTCli )l,JIli nocToeHlfli xapaK

TepHcnlK HarpY3Ka-nporH6 B 6aJIKe: OKa3bIBaeTClI, qTO BbI60p He3aBHcHMoll: nepeMeHHOH B :nOM OCTaTO

qHOM npoLlecce OqeHB BalKeH. nOJIyqaeTCli xopowee COfJIaCHe C H3BeCTHblMH HeJIIfHeHHblMH pellleHHlIMH.

B KOHLle KOHLIOB OKa3bIBaeTClI, 'ITO aHaJIH3 B03MyweHHH 6Y)l,eT npHrO)l,eH K 3a)l,aqaM, 06JIa)l,alOllIHM

cpe)l,HeH HeJIHHeHHOCTblO.


